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FOREWORD

This work was sponsored under the auspices of the Naval
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this study was to approximate logarithmic singularities found in
integrals bx use of a Gaussian intagration formulatiocn. The
mathod provides a simple approach to the calculation of Gauasian
integration weight factors and roots. A short froqram is also
uugplicd to future users on the method for similar singularities
which occur in physical probhlenms,
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SECTION 1
INTRODUCTION

The expansion of a function in terms of orthogonal
polinomiall can be very useful. These polynomials are easy to
manipulate while retaining good convergence properties. The
calculation of these polynomials to higher orders is nontrivial
and requires the use of a computer in order to obtain reasonable
accuracy. These polynomials can then be used to construct a
Gaussian integration scheme retaining a degree of precision 2m-1
where m is the degree of the orthogonal polynonials used. The
resulting error in the Gaussian method can be astimated and
therefore controlled. Thase computationg gxtnnd previous Tables
which were compiled by hand calculation,=’

1/2
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SECTION 2
MATHEMATICAL FORMULATION

2.1 ORTHOGONAL POLYNOMIALS

For every wciiht d}ltribution there is an associated set of

orthogonal polynomials., The polynomials are unique and
indc&ondont of the choice of constants a,,a,,3,....3, which can

be given arbitrary nonzero values. For n>$ tﬂo ortﬁoqonal

galynomiall will satisfy a three-term recursion relationship as
ollows:

P+l (X) = o, (X-8r)dn(R) « Y. 1(%)
with

¢.1(x)=0,  $o(x)=ag, apn~an,1/a,
and

_"x¢n<x>¢n<é:>dx (1)

by = e

fwn(x))zdx

j“n Pa(R) % 4, q1(x)dx
Tn "™

Ién.l(x>2dx

In general the integrations above can becoma quite
cumbersome and difficult to carry out by hand. However, in the
case with weight 1ln(x), a relationship can be developed reducing
the integration to a constant, dependent only on the power of x.
These relationships are:

1

x"ln(x)dx = (1)
'[o (n+1)2 (2)
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1

n
xMn(x)dy = (_.S_-;—)l"' -1
I 1 (¥l (3)

Making use of these relationships, the problem can be
broken~down into the manipulation of polynomials in additien,
subtraction and multiplication. This type of calculation is
well suited for computer programming. For simplicity we will
set the a5, a8y, a5, 83, ..., 8, coefficients squal to one. The
program can be further nimplif?od through modulation. The f£inal
gragram can calculate orthogonal polynomials, with welght ln(x),

o degres n.

»,  The numerical acouracy of the polynemials is determined b¥
the significant figures ratained by the computer. 1Iniltially, it
is important to retaln a high degres of accuracy so that the
resulting Gaussian integration scheme will retain accuracy to a
significant number of decimal places. This will bscome more
evident as the formulation for the weight factors in the
Gaussian integration scheme are developed., For now & 34 decinal
place accuracy, which is the limit of VAX FORTRAN Quad
precision, is retained. The first four orthogonal polyncmials
for welght ln(x) in the interval 0 £ X £ 1 are:

¢g = 1

by = %, - (1/4)

é3 = xg - (5/7)x + (17/252)

¢y = x° - (3105/2588)x% + (178281/501425)x - (4679/258800)

These polynocmials are given in decimal form to order ¢g in
Appendix A. Using the same nomenclature, the orthogonal
polynomials for ln(l/]|x|) in the interval =1 g x < 1 are:

¢g = 1

1 = x

¢3 - 3 - (1/19)
b =2 - (9/25)x

These polynomials are also given to order ¢y in Appendix B.
From the recursion relationship for 4,, each new polynomial is
observed to depend on the accuracy of the previous polynomial.
For operations in addition, this will result in the loss of
significant figures roughly equivalent to their deviation from
unity. This is a factor in the computation over the interval
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0 £ ¥ £ 1 which has higher variations in the polynomial's

constants than for the interval -1 § x £ 1. Therefore, care was

; taken in the calculation of the corresponding roots and thae

b welghts used in the Gaussian integration scheme to control the
roundoff error. The roots of the polynomials were calculated
using 4 standard Newton-Raphson method. The method allowed the
accuracy of the roots to be controlled to a specified number of
significant figures. Twenty-four decimal places were retained
allowing 10 decimal places to ba lost in the original
computation of the orthogonal polynemials. A higher accuracy in
the calculation of the orthogonal polynomials would result in
nore significant digits in the Gaussian integration scheme,
which could be accomnlished with some clever proqramini
techniques. However, it was felt for general agplicat ons a 16
to 20 deuvimal place accuracy in the final Gaussian integration
would be sufficient., The computer program used in the
caloculations is provided in Appendix €. The program is capable
of calculating orthogoenal polynomials weight In(x) to order n
within the linitations of the computer used.

1 2.2 GAUSSIAN QUADRATURE

. The Gaussian guadrature formulation will be discussed to
show how welght and error factors in the Gaussian integration
scheme are calculated. The description of the method will show
the link between the orthogonal polynomials calculataed in
Section 2.1 and the resulting Gaussian quadrature formulation.
The basic formula for Gaussian integration is:

etnbediion

i Ib m # ) J‘b 2

L ‘f(x)w(x)dx - jfl ij(xj) + ) ‘[n(x)] w(x) dx (4)

F where, Hs is the Gaussian integration weight factor and x; terns
are the roots of the orthogonal polynomials, of order m, ahich

were calculated in Section 2.1. The error is a function of the
2n~* derivative of f£(x) and »(x) will be given in the Gaussian
Quadrature development. The formulaticn follows the
nomenclature given in F. B, Hildebrand's classic book,
"Introduction to Numerical Analysis.,"

! ' The formulation begins by noting that the values of f£(x)
and its derivative f£'(x) are known at m points between a and b
in ascending order, a < x; < Xy € X3 € essusXy < b, The
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auxiliary functions:

w(X) = (X = %9)(% « K9)ouuo, (% - xp) (5)
and
x(x)
T (1=1,2...m) (6)

can now be conltruatnd which have the following propertiess,
#(Xs) = 0, with 1 ) m ¢ These important relationships are
unca to allnmblo a zlyno E%l of order m=-1 which takes on the
values of f£(x,), #£(X3) +.e¢f(Xy) in the interval a to b, The
resulting oxpr.--ion 1: writtel as:

]
y(x) -kfllk(x)f(xk> (7)

The error in the expression has the form:

E = %‘fjn(x) (8)

where ¢ is in the interval a < ¢ < b, Now, taking advantage of
the fact that f£(x) and f£'(x) are Xnown, a polynomial of degree
dm=1 with 2m parameters can be written as:

m ' m
¥(x) = T hp (x)E(x,) + T By (R)E (%)
2 W+ I b Kk (9)

where hy(x) and b4 (X) are polynomials of order 2m-1. To satisfy
for y(xi) = f(x4), the following must hold for hjy(xy) = 6i4 and
h (x 0. Similarly, for y'(x4)= f£! (xj), then tha valunz

x ) = 0, and_h'(xj) -5y musg hold. “"Making use of the
auxiliary function 17 (x), w%ich is degree m-1, h,(x) and L, (x)
can be written as:

hy(x) = £y (x) [14(x)]? (10)
and
By(x) = 8g(x) [14(x)] (11)
6
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Thaese relationships have order 2m-1 and ri(xy) and sy (xy) are
linear functions satisfying r;(%y) = 1 ' (xi) +21'y } =0,
sy(xy) = 0 and &'y (xy) = 1. éaméining thcsc oxprosaions vields:
Ry(x) = [1 - 217 (xy) (x - x1)](14(x)12 (12)
and
By(x) = (% - %) (1g(x)]? (13)

which with Equation ($) is known as Hermite's interpolation
formula. The error associated with Equation (9) is glven by:

(
E -%’l [r(x)]2 (14)

Now taking y(x) as £(x) the integral is written as:

b
I 2(R)wix)dx = .
a

m b
jzl f(xj) I w(x) (1 - ZIL(xk)(x-xk)][lk(x)l2 dx +
- a
(15)
Jz £ (x4) Iw(x)(x ) (1 (%) ]2 dx +
an lLw(x)[n(x)]

If »(x) is orthogonal to 1l,(x),1 (X) +oslp(x) over (a,b)
ralative to the weilghting functions wix), the second term in
Equation (15) will vanish and the resulting expression will
reduce to:

Ibf . m %éii) Jb 2
. (R)W(X)dX = jfl ij(xj) + s ‘[n(x)] w(x) dx (16)
with
b

a
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while retaining accuraci of 2m=1. Rather than calculating the
Gaussian Integration weight factors H, directly from Equation
(17), which could become gquite di:ficult, they can be determined
by taking advantage of Equation (16)'® 2m-1 accuracy and
allowing f£(x) = x With m = 0, 1, 2 ... m-1 Equation (16) ¢an
be calculated exactly. The rasult will yield a matrix:

b ¢
Ay HJ - J‘ 2" In(l/]|%])dx = const, (i«0,1....m-1) (18)
where

ERE S R 1]

81 xz 83' .....-....xm

2 2 2 2

Aij- xl 82 xs ...-.-..--xm
m-1

Ln-annl'-llnnactooouo-|||-cxl.n

Equation (18) can be solved yielding the values of tha weight Hy
using a Gaussian elimination routine. The drawback in this
method is the loss in accuracy from the Gaussian elimination.
When increased accuracy is regquired, the Gaussian weight factors
can be calculated directly using Equation (17). Howaver, for
most applications the above method is sufficient.

-
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SECTION 3
RESULTS

The results from Equation (16) are tabulated in Tables 1
and 2. The numerical accuracy wus verified through the
calculation of a polynomial of 6rder 2m-1, The Gaussian
quadrature should, in this case, be exact. Comparing the
Gaussian solution to the exact solution gave an estimation of
the total number of significant figures accuracy. As expactad,
the accuracy was higher for the lower order polynomials than for
the higher order polynomials. Further, the accuracy was roughly
16 decimal places in the worst case. Therefore, only the first

16 decimal places are given. All of the polynomials were
checkaed using this procedure.

h e el e e e M b - . - e m— .




0.11200
0.60227

0.06389
0.36899
0.76688

0.04244

‘ 0.24527
- 0.5561¢
0.84898

0.17397
0.41170
0.67731
0.89477

0.02163
‘ 0.12958
0.31402
0.53865
0.75€691
0.92266€

0.01671
0.10018
N 0.24629

0.43346
0.63235
0.81111
L 0.94084

0.02513

X4

88061
69081

07930
70637
03039

84001
49143
54535
239453

44721

72133
25202
41745
13610

40058
33911
04429
72173
53373
88513

93554
56779
42462
34932
09380
86267
81667
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66576
18738

87325
15618
38941

99383
20602
60276
32985

51972
20898
84902
82820
31008

44117
54951
14766
51802
77403
72120

08259
15675
07931
57033
47766
40106
43348

nw=2

nm=3

nm4

n=5

n=§

nw?7

10

1 m
I £(x)Log(1l/|x])dx » = ayf(xy) + £
0 Jwl

0.71853
0.2814¢6

0.51340
0.39198
0.09461

0.38346
0.38687
0.19043
0.03922

0.29789
0.34977
0.23448
0.09893
0.01891

0.23878
0.30828
0.24531
0.14200
0.05545%
0.0101s6

0.19616
0.27030
0.23968
0.16577
0.,08894
0.03319
Q.00593

TABLE 1. GAUSSIAN QUADRATURE 1ln(x) 0 £

2 )Km

m) !

@i

93190
06809

45522
00412
54065

40681
53177
51269
54871

34717
62265
82900
04595
15521

36625
65732
74265
87565
46223
89586

23894
26442
18730
57748
32271
43043
27870

30384
€9616

32362
01488
66149

45135
74763
50142
29960

82884
13224
44052
16633
43196

78548
73947
63210
66477
24886
92832

25248
47273
07691
10433
37658
56571
15126
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0.01332
0.0797%
0.19787
0.35415
0.52945
0.70181
0.84937
0.98332

0.01086
0.06498
0.16222
0.29374
0.44663
0.60548
0.785411
0.87726
0.9622%

0.00904
0.05397
0.13531
0.24705
0.38021
0.52379
0.66577
0.79419
0.89816
0.96884

0.00764
0.04554
0.11452
0.21037
0.32669
0.458545
0.58764
0.71396
0.82545
0.91419
0.97386

x4

02441
04290
10293
39943
88752
45299
93204
64500

93360
36663
93980
99039
18819
16627
01371
58288
05594

26309
12662
18246
24162
25396
23179
52055
04160
10912
79887

39411
18282
22974
85812
55532
32469
83563
38500
32178
39216

02562
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TABLE 1,

60892
13895
26188
51909
34917
39100
41107
56360

84178
38008
23883
71675
05468
76129
87164
35838
10282

62200
22501
39251
87160
09332
71843
16425
11966
195004
18634

74638
56579
55125
27034
21693
28813
89084
12561
01812
12543
75586

n=g

nw=9

n=10

nmll

11

(Cont.)

0.16441
0.23752
0.22684
0.17575%
0.11292
0.05787
0.02087
0.00368

0.14006
0.20977
0.21142
0.177158
0.12779
0.07847
0.03902
0.01386,
0.00240

0.12095
0.18636
0.19566
0.173%7
0.13569
0.09364
0.05578
0.02715
0.00951
0.00163

0.10565
0.16657
0.18056
0.16727
0.13869
0.10383
0.06953
0.04054
0.01943
0.00673
0.00115

e

66047
56100
15844
40790
40302
22107
90737
64071

84387
22052
71498
62339
92280
89026
25049
72955
80410

51319
35425
08732
71421
56729
67588
77273
98108
51826
81576

22560
16806
32182
87367
70574
34333
66978
1é008
54024
74293
24869

28003
23306
31919
06070
46759
17782
42133
04028

48135
01030
96603
38080
33205
11562
85399
49593
36392

54571
64072
77760
82907
95484
38111
51416
99233
02845
33598

99100
00629
B7754
73784
01631
65044
88735
03596
76218
42450
61057



0.00654
0.03894
0.09815
0.18113
0.28322
0.39843
0.51998
0.64051
0.75286
0.85024
0.92674
0.97775%

0.00389
0.02302
0.05828
0.10867
0.17260
0.24793
0.33209
0.42218
0.51508
0.60755
0.69637
0.77843
0.85085
0.91108
0.95702
0.98704

0.00258
0.01520
0.03853
0.07218
0.11546
0.16744
0.226958
0.29275
0.36327
0.43695
0.51212

X4

87222
68095
02631
85815
0067¢
44381
26267
09167
50120
00241
96832
61296

78344
89456
03983
83680
94545
70544
45491
39105
24733
61204
56532
25658
02697
68572
55717
78002

83279
96623
65503
16138
05265
28563
37873
49609
74298
71400
25945
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TABLE 1.

79080
60450
06007
90632
67373
63437
92383
16106
51831
62302
23914
89997

87118
16873
06240
910823
05843
70578
29916
81948
81462
47728
28213
73265
15391
22271
03542
47984

57950
61051
98586
58240
41834
32738
09246
69755
53964
46558
90821

nml2

n=lé

n=20

12

(Cont.)

0.02319
0.14975
0.16655
0.15963
0.13842
0.11001
0.0799¢
0.05240
0.03007
0.01424
0.00489
0.00083

0.06079
0.20291
0.12235
0.12786
0.12301
0.11184
0.09659
0.07935
0.06185
0.04843
0.03109
0.01945
0:01077
0.00497
0.00167
0.00028

0.04314
0.07538
0.09305
0.10145
0.10320
0.10002
0.09325
0.08402
0.07328
0.06185
0.05041

ot |

26914
18275
74543
35594
48318
65706
18217
69548
10888
92455
99245
40290

17100
56775
56620
92469
35746
72448
63851
66643
049458
52465
89747
97659
62549
25428
82011
23537

27521
37099
32674
67118
17620
25497
97992
89528
55890
03368
66044

43931
76322
64593
36988
64836
35721
70829
24642
73761
87598
82322
38057

43591
17581
46009
37018
00070
55485
52124
51473
81965
07726
51581
27360
63205
90087
10051
64668

61381
48624
85084
65901
5l262
82060

65018 .

32386
93483
85688
21955
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Xi

0.58706 40447
0.66007 34131
0.72948 40837
0.79370 96718
0.85128 08926
0.90087 96807
0.94136 97490

0.97182
0.99183

27410
80814

VoL H
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TABLE 1.

(Cont.)

n=20 (cont.)

84407
51321
46511
02302
21665
20293
37632
26546
23101

0.03955
0.02969
0.02115
0.01412
0.0086¢
0.00471
0.00215
0.00071
0.00012

Exror Fagtox

13

Kp

2.8527E-03
1.7324E=04
1.0651E-05
6.5868K=07
4,0864E-08
2,.5401E=09
1.5809E=10
9.8482E=-12
6.1386E~13
3,8281E=14
1.4902E-16
3.6251E=20
5.5140E-25

ot |

13700
40779
63153
37329
09745
99401
13974
97282
04276

01102
02129
68784
55045
19127
57046
10108
17043
76769
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TABLE 2. GAUSSIAN QUADRATURE ln(x) -1 £ x £ 1

1 m 2 )
f £(x)Log(l/|x[)dx « = ayf(xy) + £
-1 3=1 (2m) I
+x a
i -_ i

0.33333 33333 33333 1.00000 00000 00000
nw3

0.00000 00000 00000 1.38271 60493 82716

0.60000 00000 00000 0.,30864 19753 08641
nw4

0.21304 15047 38934 0.86489 96815 02982

0.72929 60938 31051 0.13510 03184 57017
nws

0.00000 00000 00000 1.09457 98791 69950

0.42048 98338 89206 0.38776 70148 27492

0.80943 17212 07776 0.06494 30455 87532
nwé

0.15842 27734 26988 0.74816 53867 89280

0.55266 10734 13283 0.21593 27476 27900

0.85720 27159 35678 0.03590 18655 82819
nw?

0.00000 00000 00000 0.91905 14893 96716

0.32384 19262 08046 0.39366 19293 55519

0.65016 59292 67686 0.12579 98534 11872

0.89012 86734 99548 0.02101 24725 34250
ne=g

0.12670 24568 20194 0.65595 61516 92837

0.44261 10087 71680 0.24698 40796 71079

0.7175%5 21511 92643 0.07977 87676 46011

0.91233 97218 17349 0.01328 10009 90071
n=9y

0.00000 00000 00000 0.79842 97904 94917

0.26359 77526 12729 0.38007 36092 67535

0.53829 17961 34696 0.15972 57440 76797

0.76891 63270 11850 0.05227 $8022 93951

0.92882 94062 74082 0.00870 59491 14257
n=10

0.10583 33779 87174 0.59201 93756 79453

0.36867 78218 46622 0.25603 33044 69505

0.61013 09472 43461 0.10991 55004 92604

0.80678 01136 00994 0.03604 02553 78796

0.94084 47632 28488 0.00599 15639 79640

14
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0.00000
0.22243
0.45787
0.66838
0.83674
0.95022

0.09100
0.31583
0.52845
0.71382
0.85989
0.95743

0.07127
0.24549
0.41504
0.57258
0.71203
0.82823
0.9169¢
0.97496

0.05868
0.20085
0.34102
0.47499
0.59933
0.71098
0.80729
0.88597
0.94519
0.98353

0.049983
0.17001
0.28921
0.40487
0.51485
0.61724
0.71030

00000
43034
79636
54488
53191
91816

68674
07442
71620
37584
86117
35931

02281
21041
86112
30249
16306
11539
65068
24353

47133
59097
34666
75568
10571
63017
48807
99593
16589
84534

72373
63351
06925
40782
72812
49695
37964
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TABLE 2.

00000
60040
99688
33843
58890
34761

23150
07888
84128
10348
07467
44926

56883
38222
42911
25674
51971
92066
45198
o8lla

89643
43386
56996
52187
29593
59170
41148
38351
77233
54727

84887
91168
78442
50707
17607
71121
75204

n=ll

n=12

n=lé

n=20

n=24

15

(Cont.)

0.70942
0.36155
0.17673
0.07732
0.02543
0.00422

0.53816
0.25536
0.12833
0.0564¢6
0.01858
0.00308

0.45796
0.24337
0.14477
0.08331
0.04368
0.01942
0.00639
0.00106

0.40077
0.22788
0.14812
0.09654
0.06064
0.03860
0.01880
0.00837
0.00276
0.00045

0.3576¢9
0.21288
0.14615
0.10231
0.07069
0.04728
0.03005

b §

89331
85459
87580
25140
78641
81513

26831
33595
91477
84502
07671
55920

46784
28614
44109
93142
02453
70192
99817
14885

93096
83640
36002
78165%
97491
94026
39939
97607
04277
78753

00293
86057
86826
5$8022
44002
27060
40087

43886
06289
04816
30135
71794
15001

93826
74900
72704
495006
94375
15185

03328
54429
75228
30436
94013
64386
92819
85388

05514
17951
33447
51015
22039
12321
42658
34035
99584
81431

66895
68788
93945
81275
80834
95115
21456




0.79248
0.86241
0.91895
0.96116
0.98836

0.0434%
0.14742
0.25100
0.35241
0.45023
0.54318
0.63006
0.70882
0.78146
0.84410
0.89699
0.93948
0.97106
0.99133

0.03647
0.122987
0.20946
0.29481
0.37818
0.45877
0.53591
0.60891
0.67716
0.74008
0.79716
0.84791
0.89191
0.92880
0.95827
0.98008
0.99404

txi

06376
47885
35961
74429
05896

41764
92818
39598
93609
89711
11449
96133
40062
25013
84878
83042
87558
36416
76283

71393
98221
47888
97514
01056
99845
10708
09589
09074
70785
31474
33925
58393
52304
56693
27591
42773
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TABLE 2.

(Cont.)

n=24 (cont.)

38201
90768
89744
07463
81911

00850
32779
04491
10315
34220
52526
34514
92755
15631
12482
16216
94016
52642
29069

63964
19973
96709
16519
68895
11221
28227
81738
73224
20741
66867
37128
78835
04085
325958
90213
90478

nmgag

nw34

16

0.01773
0.00938
0.00418
0.00137
0.00022

0.32390
0.19930
0.14203
0.10412
0.07627
0.05499
0.03856
0.025%99
0.01659
0.00981
0.00519
0.00231
0.00076
0.00022

0.28480
0.18173
0.134553
0.10319
0.07983
0.06183
0.04689
0.03508
0.02560
0.01808
0.01223
0.00782
0.00463
0.00245
0.00109
0.00038
0.00008

ai

83730
59493
47379
83013
84031

31439
42967
37892
77083
4€613
11928
77165
72305
02486
00812
45033
62505
27924
63840

88700
17245
47332
69140
50423
96373
14786
51754
50459
47481
88747
68385
27525
39343
42328
03099
96902

49261
37033
38628
39528
27225

72538
32486
50395
39644
85082
92602
33202
72777
69573
72568
21041
40379
50803
65902

72993
19901
913387
06127
79525
69396
45456
12643
80362
86851
32165
03823
51770
26313
21961
08124
89197
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TABLE 2. (Co
Exror Factor

17/18

nt.)

Kn

8.5309E~02
1.2016E-02
3.,0609E~03
7.1423E~04
1.8184E-04
4.,35L1E-05
1.1052E~05
2.6774E=06
6.7860E=07
1.6560E=07
4.1898E~08
1.6110E-10
6.2328E~-13
2.4186E-15
9.4030E=-18
2,2840E-21
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APPENDIX A
ORTHOGONAL POLYNOMIALS WEIGHT ln(x) 0 £ X <1
¢n Ll aixi aj (i=0,n)
ao al 32 L Y
1,00000000
'0025000000' 1.00000000
0.06746022, =-0.71428571, 1.000000000
=0.01807960, 0.35554869, -1.199768161,
1.00000000
0.00480026, =0.14966864, 0.885229712,
=1,69187124, 1.00000000 ‘ ‘
=0.00126470, 0-05705055. -0-514113407;
1.66127218, -2.18689974, 1.000000000
0.00033117,. ~0.02032932, 0.257587994,
=1.23444544, 2.68540097, 2.683479253,
1.00000000
=0,00008630, 0.00690690, -0.116584253,
0.76866244, -2.43476271, 3.958396326,
-3.18098055, 1.00000000
0.00002240, =0.0022629, 0.048965172,
-0.42271739, 1.8144789, -4,239611389,
5.48066379, =3.6790746, 1.000000000
A-1/A-2




W N e o 3

NSWC TR 87-372

B~1/B~2

APPENDIX B
ORTHOGONAL POLYNOMIALS WEIGHT ln(x) =1 £XX1
‘ $p = I aixi a; (im0, n)
ao al az ssenn
1.00000000
0.00000000, 1.00000000
=0.11111111, 0.00000000, 1.00000000
0.00000000, ~0.36000000, 0.000000000,
1.00000000
2.41299417, 0.00000000, -0.5772594758,
0.00000000, 1.00000000
0.00000000, 0.11%584344, 0.000000000,
=~0.83199141, 0.00000000, 1.000000000
-5.63274451, 0.00000000, 0.2505395%503,
1.00000000
0.00000000, ~3.51253083, 0.000000000,
0.46235607, * 0.00000000, =1.3199181384,
0.00000000, 1.00000000
1.34782840, 0.00000000, -9.507552587,
0.00000000, 0.71727267, 0.000000000,
-1.5592n288, 0.00000000, 1.000000000
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APPENDIX C
COMPUTER PROGRAM

Due to the relative simplicity of the programs, only a faw
comment cards are included. However, a brief explanation of the
iroqram'n structure and subroutines will allow modification or

mprovement for the calculation of a variety of orthogonal
polynomjials. The programs make use of the recursion
relationship in Equation (1) and the integral evaluations given
by Equations (2) and (3) of Section 2.1 respectively. POLY1l is
more general and calculates both Gama 4 and Beta g from

Equation (1). However, in POLY2, Beta is zero and therefore not
included. Both programs have the three subroutines, POLYMULT,
POLYINT, and POLYPLUS. POLYMULT multiplies twe polynomials and
stores the result in a third polynomial in ascending orders of
x. POLYINT integrates a polynomial and returns a real
expression in accordance with Equations (2) and (3). POLYPLUS
multiplies a polynomial by x. The working polynomials are
stored in arrays A through C and the results are stored in ANS.
Each polynomial is depandent on the pravious polynemial, and the
prgqram is looped "n" times to calculate all polynomials to
order n+1. :




0o

nnon

Q00

10
11
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PROGRAM POLYL
PROGRAM POLY1
0 < x <

PROGRAM POLY1

IMPLICIT REAL*16 (A-H,P-2)
DIMENSION A(80),B(80),C(80)
COMMON /AAA/ANS (80,80)

ANS (1, 1) =1, 0Q0

ANS (2,2)=1.0Q0

ANS (2, 1) ==, 25Q0

DO 11 Nm32,20

DO 7 Iml,N+2

A(I)=0.0Q0

B(I)=0.0Q0

C(I)m=0.0Q0

FIND A(I)

DO 1 Im=i,N
A(I)wANS (N, I)
CALL POLYPLUS (A,N)
CALL BETA(B,N)
CALL GAMA(C,N)

CALCULATE POLY

DO 6 Iw=l, N+1
ANS (N+1,I)=(A(I)=B(I))~C(I)

WRITE (6, *)N+1

DO 10 Im1,N+1

WRITE (6, %) ANS (N+1,1I)
CONTINUE

STOP

END

FIND BETA

SUBROUTINE BETA(E,N)

IMPLICIT REAL*16 '(A-H,P-2)

DIMENSION A(80),B(80),C(80),D(80),E(80)
COMMON /AAA/ANS (80,80)

DO 1 Iml, N+1

A(I)=0.0Q0 .

B(I)=b.0Q0




NSWC TR 87-372

f ' PROGRAM POLY1 (Cont.)

C(I)=0.0Q0
1 D(I)=0.0Q0
DO 2 Iwl,N
A(I)=ANS (N, I)
B(I)=A(I)
2 C(I)=A(I)
CALL POLYPLUS (A,N)
CALL POLYMULT(D,P,C,N,N)
CALL POLYINT(D,DD, 2#N)
CALL POLYMULT(D,A,B,N+1,N)
CALL POLYINT(D,DD2,2%N+1)
DO 3 Imi,N :
3 E(I)=(DD1/DD)*B(I)
RETURN .

END
FIND GAMA

SUBROUTINE GAMA(D,N)
IMPLICIT REAL16 (A~H,P-2) :
DIMENSION A(80),B(80),C(80),D(80)
COMMON /AAA/ANS (80, 80) _
DO 1 Im1,N+1
A(I)=0,0Q0
B(I)=0.0Q0
C(I)=0,0Q0
1 D(I)=0,0Q0
DO 2 Iwi,N
2 A(I)mANS(N,TI)
CALL POLYPLUS (A,N)
DO 3 Imi,N-1 - 7
3 B(I)=ANS(N-1,1I)
CALL POLYMULT(C,A,B,N+1,N~1) ,
CALL POLYINT(C,CC,2%N)
DO 4 Im1,N+1 .
4 A(I)=B(I)
CALL POLYMULT(C,B,Aa,N-1,N~1)
CALL POLYINT(C,CC1,2%(N=1))
XNUMB=CC/CC1
DO 5 Tml,N~1 §
5 D(I)=wANS (N=1,I)*XNUMB
‘ RETURN
END
SUBROUTINE POLYMULT(A,B,C,X, L)
IMPLICIT REAL#16 (A-H,P~7)
DIMENSION A(80),B(80),c(80)
K+L

ann

wtiliansen




ao0n

ann
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PROGRAM POLY1l (Cont.)

2 A(I+J-1)mA(I+T=1)+B(I)*C(J)
RETURN

END
INTEGRATION ROUTINE

SUBROUTINE POLYINT (A,AA,N)
IMPLICIT REALW16 (A-H,P-3)
DIMENSION A(80)

AAm0, 0Q0
DO 1 Iml,N-1

1 AAWAA+A(I)*(=1.0Q0)/ (QFLOAT (I)*#2)

RETURN

END

SHIFIS THE POLY BY ONE

SUBROUTINE POLYPLUS(A,N)
IMPLICIT REAL#16 (A-H,P-3)
DIMENSION A(80),B(80)
DO 1 Iwi,N+1

1 B(I+1)mA(I)
DO 2 I=1,N+1

2 A(I)=B(I)
RETURN

END
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PROGRAM POLY2

PROGRAM POLY2

“l<x<1

IMPLICIT REAL*1l6 (A~H,P=2)
DIMEl'SION A(80),B(80),C(80)

COMMON /AAA/ANS (80,80
ANS (1,1)=1,0Q0

ANS (2,2)=1.0Q0

DO 11 Nm2,36

DO 7 Iml,N+1
A(I)wm0.0Q0

B(I)=0.0Q0

C(I)=0.0Q0

FIND A(I)

DO 1 I=1,N
A(I)=ANS(N,I)
CALL POLYPLUS(A,N)
CALL GAMA(C,N)

CALCULATE POLY

DO 6 Im1,N+1
ANS (N+1,I)=A(I)-C(I)

WRITE (6, %)N+1

DO 10 T=l,N+1
WRITE(6,%)ANS (N+1,I)
CONTINUE

STOP

END

FIND GAMA
SUBROUTINE GAMA (D, N)

)

IMPLICIT REAL*16 (A=H, P=2)

DIMENSION A(80),B(80)
COMMON /AAA/ANS (80,80
DO 1 I=1,N+1
A(I)=0,0Q0

B(I)=0.0Q0

C(I)=0.0Q0

D(I)=d.0Q0

DO 2 I=1,N

,C(80),D(80)

)

C=5

~

S
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PROGRAM POLYZ2 (Cont.)

A(I)=ANS(N,I)

CALL POLYPLUS (A,N)

DO 3 Iml,N~1

B(I)=ANS (N=-1,1I)

CALL POLYMULT(C,A,B,N+1,N=1)
CALL POLYINT(C,CC,2%N)

DO 4 T=1,N+1

A(I)=B(I)

CALL POLYMULT(C,B,A,N=1,N=-1)
CALL POLYINT(C,CC1,2%(N=1))
KNUMB=CC/CC1

DO 5 Iml,N-1

D(I)=ANS (N=1,I) *XNUMB
RETURN

END

SUBROUTINE POLYMULT(A,B,C,K,L)
IMPLICIT REAL*16 (A-H,P=2)
DIMENSION A(80),B(80), c<ao>

DO 1 Iml,R+L

A(I)=0.0Q0

DO 2 Iml,X

DO 2 Jm 1,L

'A(I+J-1)-A(I+&-1)+B(I)*C(J)

RETURN
END

INTEGRATION ROUTINE

SUBROUTINE POLYINT(A,AA,N)

IMPLICIT REALW%16 (A=H,P=2)

DIMENSION A(80)

AA=0.0Q0

DO 1 I-le-l

AAmAA+A (I)* (= (1.0Q0+ (=2.0Q0)**(I=1))/(QFLOAT(I)**2))
RETURN

END

SHIFTS THE POLY BY ONE

SUBROUTINE POLYPLUS (A,N)
IMPLICIT REAL*16 (A-H,P=2)
DIMENSION A(80),B(80)

DO 1 Isl,N+1

B(I+1)wA(I)

DO 2 Iml,N+l1

A(I)=B(I)

RETURN

END
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